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Abstract
Because of its meshless nature, the Smoothed Particle Hydrodynamics (SPH) method is a promising alternative to well-established mesh-based
simulation techniques like the Finite Element Method when investigating setups that are characterized by a highly dynamic behavior as well as
large deformations of the initial conﬁguration. This is typically the case for machining processes. First, a brief introduction to the basic principle
of the SPH discretization formalism is provided. Second, the extensions to the original SPH solid scheme that are necessary to model the process
of metal cutting in an appropriate way, i.e., to take into account, among other things, the thermal aspects of the problem, are introduced. Besides,
emphasis is placed on the local adaptive resolution strategy that has been developed and helps to improve the accuracy of the simulation results
while reducing the required computational cost at the same time. The main focus of this paper is on the capability of the extended SPH solid
model to describe real machining processes in simulations. Here, we demonstrate that the employed discretization method is able to reproduce
the behavior of a processed workpiece observed in experiments by analyzing and, subsequently, assessing the obtained simulation results in terms
of chip morphology, stress and temperature distribution, as well as cutting force. For validation purposes, we compare the results found from both
simple two- and fully three-dimensional simulations with experimental data for steel C45E.
c© 2015 The Authors. Published by Elsevier B.V.
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1. Introduction
Machining is and will be, beyond all doubt, for a long time
the most important manufacturing process. Therefore, already
minor improvements made to any kind of cutting operation af-
fect a huge number of applications at once. For this reason, it
is of keen interest to both academia and industry to tap the full
potentials of machining processes in terms of eﬃcacy and ef-
ﬁciency. Here, simulations can make a major contribution to
speed up the process of innovation and shorten development
cycles by supporting necessary experiments as they are less ex-
pensive, less dangerous, and less time-consuming in prepara-
tion compared with experimental investigations. But as the cut-
ting processes to be modeled are governed by many diﬀerent
phenomena that simultaneously inﬂuence the behavior of the
considered machining systems, e.g. the mechanisms of energy
dissipation and material separation, the development of a suit-
able simulation environment is a rather challenging task.
As a result of their mesh-based nature, simulation techniques
such as the Finite Element Method and its derivatives suﬀer
from several drawbacks when it comes to applications which
are characterized by a highly dynamic behavior or large defor-
mations of the initial conﬁguration, and, with this, changes in
the topology of the system. Against this background, meshless
methods, which are not limited by an underlying mesh, are a
promising alternative. However, also the meshless simulation
techniques, for example the Smoothed Particle Hydrodynamics
(SPH) method presented in [1], do not provide an out-of-the-
box solution to the given problem. Instead, the SPH spatial
discretization scheme has to be improved in order to achieve a
simulation setup for solids that is capable of realistically repre-
senting the process of metal cutting.
The necessary modiﬁcations to the original SPH formalism,
e.g. the introduction of an appropriate plasticity and fracture
model, as well as a local adaptive resolution strategy, are dis-
cussed in the ﬁrst part of this paper. In its second part, empha-
sis is placed on the validation of the capability of the enhanced
SPH solid formulation to reproduce the behavior of real ma-
chined workpieces in simulations. For this purpose, the results
obtained from orthogonal as well as oblique cutting simulations
that have been performed by the SPH solid plugin for the parti-
cle simulation package Pasimodo [2] are analyzed in detail re-
garding chip morphology, stress and temperature distribution,
as well as cutting force, and they are compared with experi-
mental data.
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2. Basic Principle of Smoothed Particle Hydrodynamics
The meshless simulation technique SPH [3,4] belongs to the
group of Lagrangian discretization methods. It can be used to
solve partial diﬀerential equations (PDEs) [5]. For this purpose,
the original system of PDEs in time and space is transformed
into a set of ordinary diﬀerential equations in time only, which
then can be numerically integrated with common integration
schemes. This transformation process consists of the following
three steps.
First, an ensemble of abstract particles, each representing a
speciﬁc part of the original spatial domain, is introduced. Such
an SPH particle carries all the properties of the assigned seg-
ment of the considered simulation domain, e.g. its mass and
density. It is possible to eliminate the dependency on the spa-
tial position and its derivatives in case of any PDE by taking
the created particles and its convolution with the Dirac delta
function.
Second, the Dirac delta function used for the spatial dis-
cretization is approximated by a kernel function. The contribu-
tion of each neighboring SPH particle to a property of the par-
ticle of interest is weighted according to the distance between
these two interpolation points and the shape of the applied ker-
nel function. That is the reason why the kernel function is often
referred to as weight function. Usually, the functions used as
kernels are cut oﬀ at a user-deﬁned distance from the interpo-
lation center – the so-called smoothing length – to save com-
putational eﬀort by not taking into account the relatively minor
contributions from distant particles.
Third, the integral over the entire support area of a particle,
which has been introduced in conjunction with the Dirac delta
function in the ﬁrst step, has to be replaced with a sum over all
neighboring SPH particles in case of a ﬁnite number of interpo-
lation points.
3. Smoothed Particle Hydrodynamics for Metal Cutting
The SPH discretization procedure we employ to solve the
well-known Euler equations, i.e. the continuity and the acceler-
ation equation, is based on the one proposed in [1]. For solid
mechanics simulations, the Mie-Gru¨neisen equation of state [6]
is applied to close the system of governing equations. The ker-
nel is the Gaussian distribution with an initial smoothing length
of 1.7 times the initial particle spacing Δx. In addition, the
parameters α and β of the artiﬁcial viscosity term are set to
values 1.0 and 2.0, respectively, and the scaling factor of the
artiﬁcial stress tensor is chosen to be 0.15. With regard to the
time integration, the second-order explicit Leapfrog scheme [7]
is used and the maximum step size is limited by the Courant-
Friedrichs-Lewy criterion [8].
Since the thermoplastic character of the processed material
is of high inﬂuence on the behavior of the machined workpiece
and, thus, the obtained results, the basic SPH solid formula-
tion introduced in [1] needs to be extended to include such a
response of the modeled continuum also in cutting simulations.
These modiﬁcations, as well as an appropriate force model for
boundary interactions and a local adaptive resolution scheme,
are brieﬂy discussed hereinafter. More detailed information on
our enhanced SPH method for solid bodies can be found in [9].
3.1. Plasticity and fracture model
For the cutting simulations presented in this paper, the purely
empirical Johnson-Cook ﬂow stress model [10] is used to de-
scribe the evolution of the yield stress, which is contingent on
the current level of plastic strain. To also be able to simu-
late the damage behavior that is observed for a real machined
workpiece, the related cumulative-damage fracture model [11],
too, has been implemented. Both the plasticity and the fracture
model proposed by Johnson and Cook are not only primarily
dependent on the actual plastic strain, but also on the strain rate
and the temperature of the material. This dependency on the
temperature allows to reproduce the thermoplastic response of
the processed matter in simulations.
In order to take into account the decrease in the stress level
caused by the incurred material damage, a scalar parameter D
is deﬁned for each SPH particle. It is used to replace the par-
ticle’s original stress tensor σ, i.e., the one found in case that
the process of material damage is neglected, by the damaged
stress tensorσD [12], which is deﬁned throughσD = (1 − D)σ.
Choosing an initial value of 0 for D means that the represented
domain of material is in pristine condition at the beginning of
the simulation. Subsequently, the damage parameter is allowed
to grow under both tensile and compressive loading until a max-
imum of 1 is reached. A value of 1 for the parameter D indicates
that an SPH particle suﬀers from total damage and, according to
that, that material fracture is present. The set of parameter val-
ues for the Johnson-Cook material model that is applied to sim-
ulate the behavior of engineering steel C45E is given in Table 1.
Here, A, B, C, n, m, and D1 to D5 are material-dependent co-
eﬃcients. Besides, ε˙pl,0 denotes the reference equivalent plas-
tic strain rate, Tambient represents the ambient temperature, and
Tmelt is the melting temperature. Unless otherwise stated, all
material-related parameters used in the present paper are results
of measurements conducted by the Institute for Machine Tools,
University of Stuttgart.
Table 1. Parameter values for the Johnson-Cook plasticity and fracture model.
parameter value unit
A 5.53 · 108 N/m2
B 6.00 · 108 N/m2
C 1.34 · 10−2 −
n 2.34 · 10−1 −
m 1.00 −
Tmelt 1753.15 K
Tambient 293.15 K
ε˙pl,0 1.00 · 10
−3 1/s
D1 0.06 −
D2 3.31 −
D3 −1.96 −
D4 1.80 · 10
−3 −
D5 0.58 −
3.2. Boundary force model
With regard to the interaction of the SPH particles with
the triangular surface mesh representing the tool geometry, a
penalty approach is taken. The penalty force function proposed
in [13] is quite similar to the original Lennard-Jones potential
[14], but does not tend to inﬁnity as the distance between a
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particle and a triangle goes to zero. In this model, H denotes
the interaction range, i.e., the maximum distance up to which
a contact between a particle and a triangle occurs. It is chosen
as H = Δx. The resulting force points in the direction of the
triangle’s normal and changes with increasing distance from re-
pulsion to attraction at distance r0. As we want only repulsive
boundary forces to appear in the simulation, we choose r0 = H.
The stiﬀness scaling factor k of the model is set to be 2.1 · 107,
which is also the maximum force value acting on the interac-
tion partners in case of a vanishing distance. On top of that, the
contact model presented in [13] includes friction based on the
diﬀerence in the partners’ tangential velocities. The boundary
viscosity control parameter μ has a value of 0.5.
3.3. Energy dissipation and heat conduction model
During the cutting of metal, by far the largest part of applied
energy is dissipated [15]. This process of energy dissipation is
mainly driven by two mechanisms; the plastic deformation of
the processed material (predominantly the one of the chip) and
the friction between tool and workpiece. Both of them lead to
an increase in the thermal and, as a consequence thereof, the
internal energy of the tool and the workpiece. For this reason,
it is necessary to consider the energy equation in addition to
the abovementioned Euler equations as well as to track a par-
ticle’s temperature in SPH cutting simulations. In case of the
presented investigations, only the warming of the workpiece is
taken into consideration.
Since the governing dissipative processes primarily take
place in the vicinity of the tool-workpiece interface, the related
increase in internal energy and, thus, temperature is localized.
Because of that, heat is conducted within the solid body follow-
ing Fourier’s law. By modeling the process of energy transfer
caused by diﬀerences in the temperature on a molecular level,
it reproduces the ﬂux of thermal energy within the considered
temperature ﬁeld over time and, as a result, allows to determine
the temperature as well as the thermal energy at a speciﬁc point
of this ﬁeld at time t. Due to the fact that SPH is a universal spa-
tial discretization method transforming PDEs into ordinary dif-
ferential equations, it is also applicable to the basic equation of
heat conduction. The resulting model equation for an isotropic,
homogeneous solid in its SPH form that has been derived from
the ﬁrst law of thermodynamics while using the Finite Diﬀer-
ence Method to improve it is provided in [16].
3.4. Local adaptive resolution strategy
The required computational eﬀort of any SPH simulation is
primarily dependent on the number of particles used for the
spatial discretization of the model domain. Consequently, one
seeks to minimize the overall amount of interpolation points
while not or only to a small extent diminishing the accuracy of
the found results. Instead of increasing the discretization level
for the whole model and with it the necessary computation time,
the adaptation shall be restricted to the parts that really have
need for it. For this purpose, the number of SPH particles is,
on the one hand, to be adaptively increased in critical areas of a
simulation model. Typically, these are areas showing a low par-
ticle density and fairly inhomogeneous distributions in stress,
strain, temperature, or other ﬁeld variables over the structure.
On the other hand, the number of interpolation points is to be
decreased in domains of little interest, i.e. the ones with a high
particle density and low gradients. To that end, we developed
an enhanced SPH formalism that allows for such a dynamic
adaptation of the discretization level of a simulated continuum
at runtime by combining a local adaptive reﬁnement technique
with an appropriate coarsening algorithm.
The proposed variable resolution scheme for SPH consists of
three steps. First of all, it is decided if a particle is to be adapted
by checking whether a user-deﬁned criterion is met or not. In
case that the criterion is met, the SPH particle is, in a second
step, split into several smaller ones or merged with some of its
neighbors into a bigger one according to a prespeciﬁed pattern.
Third and ﬁnally, the state variables of the new particles must be
calculated either directly from the corresponding values of the
original ones or by interpolating them from the values provided
by their SPH neighbors.
Further details on both the theoretical background of the de-
veloped variable resolution technique and its applicability to
diﬀerent types of simulation scenarios covering ﬂuid dynamics
as well as solid mechanics can be found in [17]. The beneﬁt
gained from an adaptive spatial discretization when simulating
machining processes is discussed in the following section. The
set of parameter values for the combined reﬁnement and coars-
ening algorithm used for the presented cutting simulations are
given in Table 2.
Table 2. Parameter values for the spatial adaptivity algorithm.
parameter value
allowed number of reﬁnement steps per particle 1
reﬁnement pattern (2D / 3D) square / cubical
dispersion of reﬁnement pattern ε 0.5
smoothing length multiplication factor α 0.85
strategy for velocity calculation cloning
distribution of mass along particles of same reﬁnement cell unequal
allowed number of coarsening steps per particle 1
coarsening pattern (2D and 3D) family-based
desired number of particles to be merged (2D / 3D) 4 / 8
tolerance limit for Newton-Raphson method 1 · 10−6
maximum number of steps for Newton-Raphson method 20
minimum number of time steps since last reﬁnement 10
4. Results
In the second part of the present paper, the capability of the
proposed SPH solid formulation to model the process of metal
cutting is now investigated. For this purpose, several two- and
three-dimensional simulations of both orthogonal and oblique
machining processes have been performed. In this section, their
results are analyzed as well as assessed in terms of chip mor-
phology, stress and temperature distribution, as well as cutting
force.
First, the more simple scenario of an orthogonal cutting
process is considered. Then, the results found for fully three-
dimensional simulations of an oblique cutting setup are dis-
cussed. In both cases, the shape of the cutting tool can have
a signiﬁcant inﬂuence on the behavior observed for the entire
cutting system and, hence, the obtained results. The cutting
edge of a real tool reveals deviations in its geometry from an
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ideal wedge shape due to wear and manufacturing [18]. There-
fore, not a tool with an ideal geometry, i.e. a wedge shape, but a
more sophisticated one that takes into account the imperfections
resulting from the acting wear mechanisms and the limitations
of the manufacturing process is employed for the machining
simulations. In [19], such a model that promises a suﬃcient
imitation of a real slightly worn tool is found. Because of its
wide application in mechanical engineering, the material used
for both the conducted experiments and the performed cutting
simulations is engineering steel C45E. The material properties
for this type of steel at room temperature are listed in Table 3.
Further information on the prepared simulation setup for cut-
ting processes is provided in [20].
Table 3. Physical properties of engineering steel C45E at room temperature.
property value unit
density ρ 7.80 · 103 kg/m3
Young’s modulus E 2.10 · 1011 N/m2
Poisson ratio ν 0.3 −
yield strength σy 5.53 · 10
8 N/m2
fracture strain εf 1.33 · 10
−1 −
speciﬁc heat capacity at constant pressure cp 460 J/kgK
thermal conductivity λ 55 W/mK
4.1. Orthogonal cutting
The fundamental machining process of orthogonal cutting
[15] was ﬁrst investigated using the SPH method by J. Limido
and coworkers in 2007 [21]. As there exist lots of fundamental
diﬀerences between their setup and the present one, e.g. static
vs. adaptive spatial resolution, geometrical vs. empirical frac-
ture model, particle- vs. triangle-based dicretization of cutting
tool, no further comparison between these two models is pro-
vided in this paper.
In case that the width of cut is suﬃciently larger than the
depth of cut, the existence of a two-dimensional state of stress
in the workpiece can be assumed and, hence, the setup becomes
a planar problem [22]. That is why a two-dimensional model of
an orthogonal cutting specimen can be deployed.
For the workpiece model with a length of 1.15 ·10−2 m and a
height of 3 · 10−3 m, the SPH particles are positioned according
to a structure consisting of quadratic cells with an edge length
of 5.58 · 10−5 m. All particles have an initial temperature of
T = Tambient and no heat is exchanged with the environment,
i.e., an adiabatic system is considered. In order to prevent the
model from following an unconstrained translational motion,
ﬁve additional rows of SPH particles that are ﬁxed in space and
are assigned the constant temperature Tambient are attached to
the bottom of the specimen. This leads to an overall number of
interpolation points of about 12, 000 in the initial conﬁguration.
For a depth of cut of 6·10−4 m and a cutting speed of 1.6m/s,
a continuous chip as depicted in Fig. 1 is separated from the
workpiece in the orthogonal cutting simulation. When examin-
ing the distribution of the von Mises equivalent stress obtained
from the statically discretized model, one ﬁnds that the high-
est level of stress, which is indicated by the red color, appears
next to the tip of the gray-colored tool as well as in the primary
shear zone. These zones showing a high magnitude of equiva-
lent stress are surrounded by one of mid-level stress, which is
Fig. 1. Distribution of the von Mises stress found for the statically discretized
SPH workpiece model (red: high stress; blue: low stress).
color-coded with yellow and green. The SPH particles that are
located at some distance from both the tool tip and the primary
shear zone show low values of von Mises stress, as indicated
by their blue color. As a consequence, high gradients in stress
are found in the region of the tool cutting edge for the simu-
lated workpiece. When considering the results shown in Fig. 1,
it is important to remember that the illustrated particles only
represent the interpolation points where the SPH equations of
the underlying continuum model are evaluated, not domains of
material.
If the adaptive discretization technique introduced in Sec-
tion 3.4 is applied to the orthogonal cutting setup, a reﬁnement
of the load-carrying particles in the diﬀerent shear zones of the
workpiece can be observed, see Fig. 2. While the SPH particles
showing a blue color still have the initial size, the red-colored
ones have been reﬁned to be able to resolve the abovementioned
high gradients in stress found for these regions. Here, a stress-
based reﬁnement criterion together with a square reﬁnement
pattern is used. For the areas of the model that have already
been passed by the cutting tool, the previously reﬁned SPH par-
ticles are adaptively coarsened when reaching a stress level that
Fig. 2. Simulation result for the orthogonal cutting model obtained with the
adaptive SPH method (red: reﬁned particle; blue: original/coarsened particle).
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is at least ten times lower than the speciﬁed reﬁnement thresh-
old value, as indicated by their blue color. For the coarsening
process, a family-based strategy is employed, which pays at-
tention to both the hierarchic structure, and the reﬁnement and
coarsening history of an adaptive particle. On this basis, it tries
to merge reﬁned particles with the same origin. A more in-
depth analysis and comprehensive discussion of SPH cutting
simulations with a variable spatial resolution is oﬀered in [23].
4.2. Oblique cutting
In case of the oblique cutting scenario, a regular grid of cu-
bical cells with the same dimensions as the one used for the
orthogonal cutting model and a width of 3 · 10−3 m provides
the basis for the arrangement of the SPH interpolation points.
In order to obtain reasonable computation times for the fully
three-dimensional simulations, the particle spacing Δx, i.e. the
edge length of the cuboids, is increased to 2.09 · 10−4 m and,
according to that, the overall number of SPH particles is ap-
proximately 14, 000, which is slightly higher than the one of
the two-dimensional model. Moreover, the cutting tool is ro-
tated by 30◦ in comparison with the preceding conﬁguration.
All other parameters are identical to those of the orthogonal
cutting process setup considered before.
Also for the three-dimensional problem, a continuous, but
now asymmetrically shaped chip is separated from the work-
piece as a result of the tool intrusion, see Fig. 3. When ana-
lyzing the shown distribution of equivalent plastic strain of the
processed solid material, one ﬁnds that it is restricted to the chip
as well as to the vicinity of the tool-workpiece interface, and,
accordingly, high temperatures caused by plastic deformation
appear only there. Since none but the particles that are in con-
tact with the boundary geometry representing the cutting tool
are inﬂuenced by the friction between tool and workpiece, this
second primary mechanism of energy dissipation is localized in
the region near the tool cutting edge. Hence, the overall max-
imum temperature values show up next to the interface area as
can be seen from Fig. 4. For the domains of material that have
already been passed by the tool geometry, the generated heat is
Fig. 3. Distribution of equivalent plastic strain found for the SPH oblique cut-
ting model (red: high strain; blue: low strain).
Fig. 4. Side view of the SPH oblique workpiece model (red: high temperature;
blue: low temperature).
subsequently conducted within the solid body. Consequently,
subjacent particle layers heat up, whereas the machined sur-
face areas start to cool down. Comparative investigations based
on the investigated SPH machining model have shown that the
higher the cutting speed, the higher the level of dissipated en-
ergy due to friction and, thus, the higher the temperatures in
the diﬀerent shear zones; an expected relationship described in
detail in [15].
In order to further assess the quality of the presented SPH
oblique cutting model in terms of being capable of simulating
real machining processes, an experimental reference is invoked.
When examining the results given in Fig. 5, the cutting force
found from experiment reveals a steep increase once the tool
hits the workpiece before a steady state is reached. The sim-
ulated curve, too, is characterized by a steep rise, followed by
an oscillation about a steady state at about the same level ob-
served in case of the experimental results. Except the transition
area between the steep increase just after the tool impact and
the steady state, the results found from both the oblique cut-
ting simulation and the experimental investigation are in good
agreement, although the curve obtained from the simulation
shows a slightly wider range of variation and a higher frequency
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Fig. 5. Comparison of the experimental and the simulated cutting force in case
of oblique cutting.
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oscillation in the cutting force than the experimentally identi-
ﬁed one. In addition to the cutting force depicted in Fig. 5, one
ﬁnds such high quality of reproduction also for the two com-
ponents of the thrust force acting perpendicular to it and each
other.
5. Conclusion
The intention of this paper was to introduce a novel simu-
lation environment that allows to realistically model machin-
ing operations while not experiencing any limitations from an
underlying mesh being part of the employed spatial discretiza-
tion scheme. The presented tool is based on the SPH parti-
cle method, a promising, since meshless simulation technique,
whose basic principle was explained in Section 2. Although
SPH belongs to the group of meshless discretization methods,
it needs to be further improved in order to be able to correctly
describe the process of metal cutting. To that end, the original
SPH solid formulation has been extended to both the Johnson-
Cook plasticity and the related cumulative-damage fracture
model as was shown in Section 3. For the description of the in-
teraction of the SPH particles with the cutting tool, a boundary
force model that is based on a modiﬁed Lennard-Jones potential
has been implemented. Not only as a result of the friction forces
calculated by this model, but also due to the plastic deforma-
tion of the processed material, energy is dissipated during the
cutting of metal. To model the subsequent process of transfer-
ring the heat generated by the two aforementioned dissipative
mechanisms, Fourier’s law in its SPH form has been added to
the basic procedure. Finally, a local adaptive resolution strategy
was introduced, which, on the one hand, helps to improve the
accuracy of the simulation results by dynamically adjusting the
spatial discretization of the particle model. On the other hand,
it reduces the required computational cost at the same time.
After having presented our enhanced SPH cutting formula-
tion, its applicability to machining operations was discussed in
Section 4. In this context, the results found from simulations
of orthogonal and oblique cutting processes revealed that the
extended model provides a realistic behavior on both a quali-
tative and a quantitative level. So, the formation of a contin-
uous chip can be observed in case of the two- as well as the
three-dimensional scenario, and the highest values of vonMises
equivalent stress exist next to the tool cutting edge as well as in
the primary shear zone. Besides, also the maximum tempera-
tures appear in the vicinity of the tool-workpiece interface and
are shifted to higher values with increasing cutting speed. For
the example of an oblique cutting process, the experimental cut-
ting forcewas comparedwith its simulated counterpart and, that
way, the capability of the extended SPH formalism to describe
the behavior of a real machined workpiece in simulations was
demonstrated.
Future investigations with the proposed SPH solid formu-
lation will address, among other things, the quality of the ob-
tained simulation results in terms of vibration behavior of the
entire machining system, the inﬂuence of the tool model on the
shape of the chip, as well as the correlation between the abso-
lute level of the cutting force and the applied depth of cut.
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